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We investigate the stable circular orbits of the spinning test particles around the accelerating
Kerr black hole on the equatorial plane. To this end, we first calculate the equations of motion
and analyze the parameter space for the particles. We study the effect of the particle’s spin and
the black hole’s acceleration on the conserved angular momentum, conserved energy and radius of
the spinning test particle on the innermost stable circular orbit. We find that the effect of the
particle’s spin on the orbit parameters is almost linear, the effect of the black hole’s acceleration on
those parameters is nonlinear. We also explore the effects of the particle’s spin and the black hole’s
acceleration on the periastron shift for the spinning particle in the nearly stable circular orbit.
I. INTRODUCTION
For a massive particle revolving around a central black
hole on a circular orbit, there exists one orbit with min-
imal radius, which is named as the innermost stable cir-
cular orbit (ISCO). It is the last stable orbit on which the
particle will not plunge into the black hole. The prop-
erties of ISCO convey the information of the spacetime
geometry and the central black body. The radius, angu-
lar momentum and energy of the particle on the ISCO
in fact depend on the Killing vectors of the spacetime as
well as hairs of the black hole.
The binary black hole system with an extreme mass
ratio can be viewed as a test particle moving around a
black hole. In view of this, the ISCO is the end stage of
the relative circular motion of the system which at the
same time emits gravitational waves [1, 2], and also the
beginning of the inspiral motion. Another motivation to
study the ISCO of the particle is to gain our recognition
of the accretion disc [3].
For a spherically symmetric black hole, without loss of
generality, we usually study the particle on the equatorial
plane. The ISCO of the massive particle for this kind
of black hole is unique, irrespective of the direction of
the particle’s orbital angular momentum. Of course the
characteristic quantities for this kind of ISCO are also
definite. For instance, for a Schwarzschild black hole,
the well-known result is that the radius of the ISCO for
a massive particle is 6M with M the mass of the black
hole [4].
For the case where the central black hole is rotating,
the ISCOs of the massive particles revolving around de-
pend on the orbital angular momentum of the particles.
That is, for the particles moving on the co-rotating or-
bit and on the counter-rotating orbit, their ISCOs are
split, with distinct ISCO quantities. A typical example
is the Kerr case. For massive particles revolving around
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an extreme Kerr black hole with mass M , the radius of
the ISCO for a prograde particle is M , whilst for a ret-
rograde particle that radius, in contrast, becomes 9M
[5].
The cases mentioned above are for ideal test particles
moving along the geodesics. To really achieve the aims of
the ISCO investigation, we should also consider the prop-
erties of the test particles, as the particles we focus on
in a realistic astrophysical process are extended objects
owning internal structures. The internal structure of the
test body reminds us that we should at least take the
finite size effects at the dipole level into consideration,
despite there are quadrupole and other higher multipole
moments [6]. In other words, we should at least consider
the spin of the particle.
There are plenty of documentations on the studies of
the ISCOs for not only the spin-less particles [7–13] but
also the spinning ones [14–17]. As we have said above, the
background spacetimes which were concerned are spher-
ically symmetric and axially symmetric. (See the red
more recent ones in [18, 19]. And for the axially sym-
metric black hole, the ISCO investigation usually focuses
on the equatorial plane. What we should further notice
is that the southern hemispheres and the northern hemi-
spheres of those axially symmetric black holes, e.g., the
Kerr black hole, are also symmetric. In what follows, we
will introduce our work about ISCO for the spinning test
particle around the well-known accelerating Kerr black
hole [20] which is algebraically type-D [21] and belongs to
a larger class of Pleban´ski-Demian´ski spacetime, includ-
ing black hole parameters mass, electric charge, magnetic
charge, NUT parameter, acceleration parameter, cosmo-
logical constant, and spin [22] (The effect of the NUT
parameter [23] in this spacetime may be investigated sep-
arately in future and we will not concentrate on it at
present.). Due to the acceleration caused by the cosmic
string [24], the northern hemisphere and the southern
hemisphere of the accelerating Kerr black hole are not
identical. We will investigate the interplay of the parti-
cle’s spin and the black hole’s acceleration on the ISCO
characteristic quantities (conserved angular momentum,
conserved energy and radius) for the spinning particle on
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2the equatorial plane of the accelerating Kerr black hole.
As we will encounter an obstacle to analytically obtain
the equations of motion for an orbit deviated from the
equatorial plane, though it may be possible in the linear
order of the particle’s spin [25] in a region far away from
the acceleration horizon of the black hole (which makes
the conformal factor normalized) [26]. The motion on
the equatorial plane is adequate to reflect the effects of
the black hole’s acceleration on the system.
The generic elliptical orbit of a particle in the strong
gravity region is not closed so that the particle will not re-
turn back to the initial point after an orbital period. This
phenomenon is the well-known periastron shift (which
is also named as periastron precession or periastron ad-
vance). The study of the periastron shift of a spinless
particle around the Schwarzschild black hole can be seen
in many textbooks, e.g., [27]. The periastron shifts for
spinning binary black holes moving on quasi-circular or-
bits were computed using the effective-one-body formal-
ism in [28] and using numerical-relativity simulations,
the post-Newtonian approximation and theory of black
hole perturbation in [29]. Recently, periastron shifts for
a spinning particle around the overcharging Reissner-
Nordstro¨m spacetime and overspinning Kerr spacetime
moving in nearly circular orbits were studied in [25]. In
this paper, we will not only investigate the ISCO but also
study the periastron shift for the spinning particle on the
equatorial nearly stable circular orbit of the accelerating
Kerr black hole.
Based on this setup, the remaining parts of this paper
are arranged as follows. In Sec. II, we will present the
equations of motion as well as the constraints of the mo-
tion for a spinning test particle in the accelerating Kerr
spacetime. In Sec. III we will show the interplay of the
particle’s spin and acceleration of the black hole on the
characteristic quantities of the particle on the ISCO. In
Sec. IV, we will study the periastron shift for the spin-
ning particle in the equatorial nearly stable circular orbit
of the accelerating Kerr black hole. Sec. V will be de-
voted to our closing remarks.
II. EQUATIONS OF MOTION FOR CHARGED
SPINNING TEST BODY IN ACCELERATING
KERR SPACETIME
A. Equations of motion
The Mathisson-Papapetrou-Dixon (MPD) equations
[30, 31]
DP a
Dτ
= −1
2
Rabcdv
bScd, (1)
DSab
Dτ
= 2P [avb] (2)
should be used to model the motion of a spinning test
particle. In the above equations, when the spin tensor
Sab vanishes, the equations are reduced to describe the
geodesic motion of a spinless particle. P a and va are the
four-momentum and four-velocity of the particle, respec-
tively, and τ is the parameter along the trajectory of the
particle.
To restrict the MPD equations to obtain the equations
of motion for the spinning particle, we here use the Tul-
czyjew condition to ensure the conservation of the dy-
namical mass of the particle by choosing a consistent
centre-of-mass, that is [31–33]
SabPb = 0. (3)
The four-momentum of the particle defines the mass of
the particle measured in the zero three-momentum frame
by the relation [34, 35]
P aPa = −M2, (4)
which at the same time means that the normalized dy-
namical four-momentum of the particle should be
ua ≡ P
a
M . (5)
The contract of the four-velocity va and the four-
momentum P a gives the other mass of the particle mea-
sured in the zero three-velocity frame [34, 35], as Pav
a =
−m.
As the magnitude S of the spin for the particle is con-
served, we have [36]
SabSab = 2S
2. (6)
Utilizing the above conditions, one can get the differ-
ence between the four-velocity and the normalized four-
momentum for the spinning particle as [17, 34, 35, 37]
va = N
(
ua +
2SabucRbcdeS
de
SbcRbcdeSde + 4M2
)
, (7)
where
N ≡ mM .
For the spinless particle, the massM and m are identi-
cal. According to the Tulczyjew SSC, we know thatM is
invariable along the worldline of the test particle. How-
ever, the mass m is variable. We have M = m+O(S2),
which means that, at the linear order of spin of the par-
ticle, the mass M and m cannot be differentiated [38].
Under the reparametrization of the orbital parameter τ ,
we thus can fix the parameter to satisfy vaua = −1
[25, 39, 40] so that N = 1.
The spacetime background we study in this article is
the accelerating Kerr black hole, which can be described
3by the line element [41]
ds2 =
dt2
(
∆− a2P sin2 θ)
α2ΣΩ2
+
dr2Σ
∆Ω2
+
dθ2Σ
PΩ2
+
dφ2 sin2 θ
[
P
(
a2 + r2
)2 − a2∆ sin2 θ]
K2ΣΩ2
− 2adtdφ sin
2 θ
[
P
(
a2 + r2
)−∆]
αKΣΩ2
,
(8)
where
Σ = r2 + a2 cos2 θ,
∆ = (1−A2r2)(r2 − 2Mr + a2),
Ω = 1 +Ar cos θ,
P = 1 + 2AM cos θ + a2A2 cos2 θ,
α =
√
(1− a2A2) (a2A2 + 1)
a2A2 + 1
.
In this metric, M,a are the mass and angular momentum
per mass of the black hole, just like its Kerr counterpart.
A is the acceleration parameter of the black hole, K pro-
duces the conical deficits on the north or the south pole.
α is a rescaling parameter which makes the Killing vector
related to the time coordinate be normalized at confor-
mal infinity. The conformal boundary of the spacetime
is determined by the conformal factor Ω. The conical
deficits at the two poles are
δ± = 2pi
(
1− P±
K
)
, (9)
with
P± = 1± 2MA+ a2A2
corresponding to P (θ = 0) and P (θ = pi), respectively.
The tensions on the two poles are
µ± =
δ±
8pi
. (10)
Choosing the normalized tetrad
e(0)a dx
a =
1
Ω
√
∆
Σ
(
dt
α
− a sin2 θdφ
K
)
, (11)
e(1)a dx
a =
1
Ω
√
Σ
∆
dr, (12)
e(2)a dx
a =
1
Ω
√
Σ
P
dθ, (13)
e(3)a dx
a =
sin θ
Ω
√
P
Σ
[
−adt
α
+
(
a2 + r2
) dφ
K
]
, (14)
the accelerating Kerr metric can be expressed as
gab = η(i)(j)e
(i)
a e
(j)
b , (15)
with η(i)(j) = diag(−1, 1, 1, 1).
It has been verified that the conserved quantity of the
spinning particle in a spacetime relating with the Killing
vector ξa is [31]
Cξ = −1
2
Sab∇bξa + ξaP a. (16)
For the accelerating Kerr spacetime, it is not difficult to
see that ξt ≡
(
∂
∂t
)a
and ξφ ≡
(
∂
∂φ
)a
are two Killing
vectors that produce two conserved quantities—the con-
served energy e and the conserved angular momentum
j—as
−Cξt = e =
1
2MS
tb∇bξt − ξtut, (17)
Cξφ = j = −
1
2MS
φb∇bξφ + uφξφ. (18)
The spin tensor of the spinning particle is related to
the particle’s spin vector via the relation
S(c)(d) =Mε(c)(d)(a)(b)u(a)s(b), (19)
where ε(a)(b)(c)(d) is the completely antisymmetric tensor
and ε(0)(1)(2)(3) = 1.
As we focus on the motions of the particle on the equa-
torial plane, we have v(2) = u(2) = 0. We can set
s(2) = −s, s(0) = s(1) = s(3) = 0, (20)
where s > 0 and s < 0 mean that the spin directions
are parallel and antiparallel to the spin of the black hole,
respectively. Then we can obtain the non-vanishing com-
ponents of the spin tensor as
S(0)(1) = −Msu(3), (21)
S(0)(3) =Msu(1), (22)
S(1)(3) =Msu(0). (23)
Thus the conserved energy and conserved angular mo-
mentum can be further expressed as
e =
√
∆
αr
u(0) +
ar + s
(
A2Mr2 −A2r3 +M)
αr2
u(3),(24)
j =
−s (A2r2 − 1)
(
a2
√
∆− 2Mr + r2
)
∆Kr
+
a
√
∆
Kr
u(0)
+
a2r + as
(
A2Mr2 −A2r3 +M + r)+ r3
Kr2
u(3),
(25)
4with which one can further get the components of the
normalized four-momentum for the spinning particle as
u(0) =
αer
(
a2r + as
(
A2Mr2 −A2r3 +M + r)+ r3)√
∆X
− jKr
(
ar + s
(
A2Mr2 −A2r3 +M))√
∆X ,
(26)
u(2) = 0, (27)
u(3) =
r2 [jK − αe(a+ s)]
X , (28)
u(1) = σ
√
−1 + (u(0))2 − (u(3))2 = σ
√
V , (29)
where X = r3 (A2s2 + 1)−Ms2 (A2r2 + 1), the particle
is outgoing for σ = 1 and ingoing for σ = −1, and V is
the radial effective potential for the particle.
Using (7), we have the four-velocity of the spinning
particle as
v(0) =
(
1 +
3Ms2
(
u(3)
)2
P2
)
u(0), (30)
v(1) =
(
1 +
3Ms2
(
u(3)
)2
P2
)
u(1), (31)
v(3) =
1 + 3Ms2
(
1 +
(
u(3)
)2)
P2
u(3), (32)
where
P2 = r3 −M2s2 − 3M2s2
(
u(3)
)2
.
On the other hand, the four-velocity for the charged
spinning particle is
va =
(
dt
dτ
,
dr
dτ
, 0,
dφ
dτ
)
, (33)
Realizing that
v(α) = e(α)a v
a, (34)
we have
v(0) =
1
Ω
√
∆
Σ
(
1
α
dt
dτ
− a sin
2 θ
K
dφ
dτ
)
, (35)
v(1) =
1
Ω
√
Σ
∆
dr
dτ
, (36)
v(3) =
sin θ
Ω
√
P
Σ
[
a2 + r2
K
dφ
dτ
− a
α
· dt
dτ
]
, (37)
which give
dt
dτ
=
2αΩ
[(
a2 + r2
)√
PΣv(0) + a
√
P∆v(3)
]
2r2
√
∆P
, (38)
dr
dτ
= Ω
√
∆
Σ
v(1), (39)
dφ
dτ
=
K
√
ΣΩ
(
a
√
∆Pv(0) + ∆
√
Pv(3)
)
∆Pr2
. (40)
These are exactly the equations of motion for the spin-
ning particle revolving around the accelerating Kerr
black hole on the equatorial plane.
B. Value space of key parameters
The spin of the spinning test particle is positive irre-
spective of the reference frames we choose, we then have
[36]
s =
S
m
. r0  r+ = M +
√
M2 − a2 6 2M, (41)
where r0 is the size of the particle and r+ is the event
horizon radius of the accelerating Kerr black hole which
can be obtained by solving ∆ = 0.
The time-like condition of the four-velocity gives
Yvµvµ ∼ −r24
(
1−A2r2) (a2 + r(r − 2M)) < 0, (42)
where
Y = F(r,A, s, e, j,K,M)2 > 0.
For simplicity, we will not show the tedious expression of
F . Then we should keep
A2 <
1
4M2
. (43)
The conformal factor Ω gives the conformal boundary
rΩ =
∣∣∣∣− 1A cos θ
∣∣∣∣ , (44)
which is also named as the accelerated horizon. For θ =
pi/2, the accelerated horizon locates at the spatial infinity
[41]. We in this paper only consider that rΩ  r+ for
the case θ 6= pi/2, which yields that A 1.
The forward-in-time condition which forbids the move-
5ment of the particle back in time [27, 42] demands
dt
dτ
=
Ms(ae− jK) + ar(e(a+ s)− jK) + er3
r3
×
a
(√
a2 + r(r − 2M) + a
)
+ r2
a2 + r(r − 2M) +O(A
2)
>0,
(45)
which gives
j <
e
(
a2r + as(M + r) + r3
)
K(ar +Ms)
+O(A2). (46)
We can see that, if K → ∞, only a particle with neg-
ative conserved angular momentum (i.e., the retrograde
particle) complies with the forward-in-time condition.
III. THE ISCO OF THE SPINNING PARTICLE
AROUND THE ACCELERATING KERR BLACK
HOLE
To obtain the ISCO parameters of the spinning parti-
cle, i.e., the conserved angular momentum jI , the con-
served energy eI and the radius rI , we should set
dr
dτ
= 0, (47)
d2r
dτ2
= 0, (48)
d2V
dr2
= 0, (49)
where V is the radial effective potential of the spinning
particle defined in (29). The first condition restricts that
the radial velocity of the particle vanishes; the second
condition makes the radial acceleration absent; the third
condition further ensures that the location of the particle
is at the inflection point of the effective potential.
The effective potential of the particle is related to the
radial velocity as
V ∼
(
dr
dτ
)2
∼
(
v(1)
)2
∼
(
u(1)
)2
. (50)
Explicitly, We have
(u(1))2 =
κe2 + βe+ γ
X 2∆ , (51)
where
κ =
r2Z1
(
1− a2A2)
a2A2 + 1
, (52)
β = −2jKr
2Z4
√
1− a4A4
a2A2 + 1
, (53)
γ = a2Z7 + 2aj
2K2r3s
(
A2Mr2 −A2r3 +M)+ rZ9,
(54)
with
Z1 =a
4A2r4 − 2aMr3s (A2r2 − 3)+ r6
+ 2a3Mrs
(
A2r2 + 1
)
+ r3s2
(
A2r2 − 1) (r − 2M)
+ a2Z2,
Z2 = r
3
(
M
(
2− 2A2r2)+A2r3 + r)+ s2Z3,
Z3 = M
(
2r − 2A4r5)+A4r6 + (A2Mr2 +M)2 −A2r4,
Z4 =a
3A2r4 − r3(r +M(−3 +A2r2))s
+ a2rs
(
2M
(
A2r2 + 1
)−A2r3)+ aZ5,
Z5 =M
2
(
A2r2s+ s
)2
+A2r4
(
s2
(
A2r2 − 1)+ r2)
+MZ6,
Z6 = −2A2r5 + s2
(−2A4r5 −A2r3 + r)+ 2r3,
Z7 =s
4
(
A2r2 − 1) (A2Mr2 +M)2
− 2Mr3s2 (A4r4 − 1) (A2s2 + 1)
+ r6Z8,
Z8 =A
6r2s4 +A2
(
j2K2 + r2 − 2s2)− 1
−A4 (s4 − 2r2s2) ,
Z9 =− 2M3s4
(
A2r2 − 1) (A2r2 + 1)2
+ r7
(
A2r2 − 1) (A2s2 + 1)2
+ j2K2r5
(
A4r2s2 +A2r2 − 1)
+M2rs2Z10
(
A2r2 + 1
)− 2Mr4Z11,
Z10 =j
2K2
(
A2r2 + 1
)
+
(
A2r2 − 1) (5A2r2s2 + 4r2 + s2) ,
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FIG. 1. The ISCO parameters—conserved angular momentum jI , conserved energy eI and radius rI—in terms of the spin of
the particle with the upper panel for the prograde orbit and the lower panel for the retrograde orbit. Other parameters are set
to be a = 0.5, K = 0.9, M = 1.
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FIG. 2. The ISCO parameters—conserved angular momentum jI , conserved energy eI and radius rI—in terms of the accel-
eration of the black hole with the upper panel for the prograde orbit and the lower panel for the retrograde orbit. Other
parameters are set to be a = 0.5, K = 0.9, M = 1.
Z11 =
(
A2r2 − 1) (A2s2 + 1) (s2 (2A2r2 + 1)+ r2)
+ j2K2
(
A4r2s2 +A2
(
r2 + s2
)− 1) .
The radial effective potential can be defined as the mini-
mum allowable energy at position r for the spinning par-
ticle [18], so we have
V ∼ −β +
√
β2 − 4κγ
2κ
. (55)
Then we can obtain the ISCO parameters rI , jI , eI by
using Eqs. (47), (48), (49) and (55). We can have an
analytical solution for A = 0 , s = 0, whist we have to
resort to numerical calculations for other cases. We have
shown the results in Figs. 1 and 2, where the interplay of
7the particle’s spin and the acceleration of the black hole
are displayed.
In Fig. 1, we have shown the variations of the par-
ticle’s conserved angular momentum, conserved energy
and radius on ISCO with respect to the particle’s spin.
As s  1, we choose −0.1 < s < 0.1. The time-
like condition and the forward-in-time condition of the
particle are checked. We choose three different values
of the acceleration A. The result is obvious, only the
conserved angular momentum increases with the parti-
cle’s spin on the prograde ISCO, whilst all the three
parameters—rI , jI , eI—increase with the spin for the
retrograde ISCO.
In Fig. 2, we have shown the variations of the ISCO
parameters with respect to the acceleration A of the black
hole. As we need to have an acceleration horizon far away
from the ISCO and the event horizon of the accelerating
Kerr black hole, we have chosen 0 < A < 0.02 for the pro-
grade orbit and 0 < A < 0.01 for the retrograde orbit.
We see that both the radii of the prograde and the ret-
rograde ISCOs increase with the acceleration; both the
particles’ conserved energy on the two kinds of ISCOs
decrease with the acceleration. Differently, we have de-
creasing jI for the prograde orbit and increasing jI for
the retrograde orbit when the acceleration of the black
hole increases.
The parameter K is related to the average deficit of
the black hole [43, 44]. By a transformation
φ→ φ′ = Kφ, (56)
and then combining it with Eq. (18), we can see that
K relates with the conserved angular momentum of the
particle on ISCO via a simple rescaling relation, and it
will not affect the conserved energy and the radius of the
particle on the ISCO. So different values of K does not
qualitatively change our results in Figs. 1, 2.
IV. PERIASTRON SHIFT OF SPINNING
PARTICLE AROUND ACCELERATING KERR
BLACK HOLE
If the spinning particle on the stable circular orbit with
radius r0 is slightly displaced on the radial direction, it
will move in a harmonic form with a frequency
Ωr =
1
2
(
d2V
dr2
)
r=r0
. (57)
Else, the angular frequency for the stable circular orbit
is
Ωφ =
dφ
dτ
. (58)
In the Minkowski spacetime limit, we have Ωr = Ωφ;
however, in the strong gravity region near the black hole,
the radial oscillatory frequency is not equal to the angular
frequency. The difference between them is defined as the
periastron shift
ΩP = Ωφ − Ωr. (59)
We numerically calculate the periastron shifts for the
spinning test particle in the equatorial nearly stable cir-
cular orbits around the accelerating Kerr black hole and
show our obtained results in Figs. 3-6.
Preliminarily, Comparing Fig. 3 with Fig 4, we can see
that variations of periastron shifts with respect to the ra-
dial coordinate for the spinning test particle share similar
characteristics in the background of both the accelerating
Kerr black hole (including its Schwarzschild limit) and
the Kerr black hole (including its Schwarzschild limit).
(Note that K = 1 in the Kerr/Schwarzschild cases, but
we set K = 0.9 here. As shown in Eq. 56, this does not
change the results qualitatively.) Also, comparing Fig.
5 with Fig 6, we can know that variations of periastron
shifts for the test particle with respect to the radial coor-
dinate share similar characteristics, whether the spin of
the particle is considered or not.
By further analyzing, we get some other features as
follows:
(1) The leftmost point on every curve corresponds to
the ISCO and all the periastron shifts go asymptotically
to zero when the radial coordinate extends to spatial in-
finity. The periastron shift decreases monotonically with
respect to the radial coordinate for spinning or spinless
particle on prograde orbit under the background of a
black hole endowed with acceleration/angular momen-
tum or without acceleration/ angular momentum. In
contrast, the negative periastron shift for the particle on
retrograde orbit first decreases to the minimum at a po-
sition near the ISCO and then increases monotonically
with respect to the radial coordinate.
(2) According to Fig. 3 and Fig. 4, we know that
the periastron shift of the particle on the prograde orbit
will be boosted by the particle spin antiparallel to the
black hole spin and will be weakened by the particle spin
parallel to the black hole spin; the periastron shift of the
particle on the retrograde orbit will be boosted by the
particle spin parallel to the black hole spin and will be
weakened by the particle spin antiparallel to the black
hole spin.
(3) According to Fig. 5 and Fig. 6, we know that the
acceleration of the black hole has an effect of increasing
the periastron shifts for the particles both on the pro-
grade orbit and the retrograde orbit.
(4) The periastron shifts for the particle on the pro-
grade ISCOs increase with the spin of the particle and
decrease with the acceleration of the black hole; the pe-
riastron shifts for the particle on the retrograde ISCOs
increase with the spin of the particle and increase with
the acceleration of the black hole.
(5) For the particle on the retrograde orbit, the mini-
mum value of the periastron shift always increases with
the acceleration and the angular momentum of the black
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FIG. 3. Variations of the periastron shifts with respect to the radial coordinate with M = 1,K = 0.9, and A = 0. The left one
is for the prograde orbit and the right one is for the retrograde orbit.
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FIG. 5. Variations of the periastron shifts with respect to the radial coordinate with M = 1,K = 0.9, and s = 0. The left one
is for the prograde orbit and the right one is for the retrograde orbit.
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FIG. 6. Variations of the periastron shifts with respect to the radial coordinate with M = 1,K = 0.9, and s = 0.05. The left
one is for the prograde orbit and the right one is for the retrograde orbit.
hole as well as the spin of the particle. V. CLOSING REMARKS
We investigated the innermost stable circular orbits of
the spinning test particles in the accelerating Kerr space-
9time. Using MPD equations with proper supplement con-
ditions, we gave the equations of motion for the spinning
particle. After analyzing the parameter space, we fur-
ther studied the interplay of the particle’s spin, the black
hole’s acceleration on the angular momentum, energy and
the radius of the particle on the ISCO, which was eluci-
dated in detail in Sec. III. On the whole, we found that
the effect of the particle’s spin on the ISCO parameters
is almost linear, whereas the effect of the black hole’s
acceleration is non-linear, even we have, starting from
physically reasonable conditions, set them to be much
less than unity. This can be explained by analyzing the
radial effective potential of the spinning particle which
can be expanded as
V ≈2a2e2Mr5 − a2r6 − 4aejKMr5 + 2j2K2Mr5
+ a2e2r6 + e2r8 − j2K2r6 + 2Mr7 − r8
+ s
(
2a3e2Mr3 − 4a2ejKMr3 + 2aj2K2Mr3
+6ae2Mr5 − 6ejKMr5 + 2ejKr6)
+A2
(−4a4e2Mr5 − a4e2r6 + 4a3ejKMr5
−2a3ejKr6 − 2a2e2Mr7 + a2j2K2r6
+a2r8 + +4aejKMr7 − 2j2K2Mr7
−a2e2r8 − 2aejKr8 + j2K2r8 − 2Mr9 + r10)
+O(s) +O(A2) +O(sA2).
(60)
We see that there is a linear term of the spin s but there
is only a quadratic term of the acceleration A. More-
over, we notice that in some literature (e.g., Ref. [45]),
the metric of the accelerating Kerr black hole is different
from ours as they take A by −A. Considering the char-
acteristics of the effective potential (60) for the spinning
particle, we know that this sign difference does not qual-
itatively change our conclusion. We here do not observe
the degeneracy of the orbits for the particle, which was
found in [46]. This can also be roughly explained by the
characteristics of the effective potential, as there is not
term about sA. The rescaling factor α does not exist in
the accelerating Kerr metric in early literature [20], and
it was added in recent works [24, 47–49] for constructing a
consistent thermodynamics. Anyway, by expanding this
dubious factor, we have
α ≈ 1− a2A2 +O(A2). (61)
We see that it does only shift the conserved energy of
the particle on the ISCO at a scale of A2, which can be
neglected. So α does not affect our conclusion quantita-
tively.
We also investigated the periastron shift for the spin-
ning particle in the equatorial nearly stable circular or-
bit of the accelerating Kerr black hole. We mainly found
that, the periastron shift of spinning particle on the pro-
grade orbit decreases with the particle’s spin and the pe-
riastron shift of the spinning particle on the retrograde
orbit increases with particle’s spin; the periastron shift
of the spinning particle increases with the acceleration
of the black hole. These results are also suitable for the
Kerr black hole case and Schwarzschild black hole case.
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